The Seiberg-Witten map is a powerful tool in non-commutative field theory, and it has been recently obtained in the literature for gravity itself, to first order in noncommutativity. This paper, relying upon the pure-gravity form of the action functional considered in Ref. 2, studies the expansion to first order of the non-commutative Einstein equations, and whether the Seiberg-Witten map can lead to a solution of such equations when the underlying classical geometry is Schwarzschild.
Introduction
Non-commutative gravity theories are receiving much attention in the literature because they are part of a promising research program aimed at developing an algebraic approach to the longstanding problem of quantum gravity. 1 In particular, we are here concerned with the developments described in Refs. 2 and 3.
The work in Ref. 2 has built a geometric theory of non-commutative gravity where the Lagrangian is a globally defined 4-form, invariant under diffeomorphisms as well as * -diffeomorphisms and where in the commutative limit only the classical field degrees of freedom survive. For pure gravity the action functional reads as
whereV is the tetrad 1-form andR is the curvature 2-form
As in Ref. 2 we expand the tetrad on the basis of γ-matrices, V =V a γ a + V a γ a γ 5 .
On denoting by η ab = diag(1, −1, −1, −1) the Minkowski metric, and defining γ ab ≡ γ a γ b − Iη ab , one similarly expands the spin-connection 1-form
whereω =ω µ dx µ and ω = ω ν dx ν are 1-forms. From (3) and (4), one haŝ 
We explicitly write in components the equations obtained by varying the action (1) with respect to the tetrad componentsV a and V a , they respectively read as
We notice that Eq. (10) can be obtained by the replacementsV
The torsion 2-form is defined bŷ
and expandingT on the basis of γ-matrices as in Eq. (2) we haveT =T a γ a + T a γ a γ 5 . Variation of the action with respect to the spin-connection gives the remaining field equation T ∧ * V −V ∧ * T , γ 5 = 0, where we use curly brackets for anticommutators. SinceT ∧ * V is even in the γ-matrices we eventually obtain
which is satisfied by a vanishing torsion.
The work in Ref.
3 has studied the Seiberg-Witten map 4 which relates noncommutative degrees of freedom for spin-connection, tetrad and gauge parameter to their commutative counterparts. The relation is such that non-commutative gauge transformations (with non-commutative gauge parameterΛ) correspond to commutative gauge transformations (with commutative gauge parameter Λ). For example for the tetrad we have
whereV =V µ dx µ is the non-commutative tetrad 1-form, while
µ γ ab are the usual commutative tetrad and spin-connection. The non-commutativity we consider is given by the Moyal-Weyl ⋆-product associated with a constant antisymmetric matrix θ ρσ in the (not necessarily Cartesian) coordinates x µ ; we have
Equation (13) can be solved order by order in perturbation theory. The solution of Eq. (13) to first order in the non-commutativity θ ρσ has the general structure
The zeroth-and first-order terms in θ ρσ in Eq. (14) are found to be
Similarly, on writing for the spin-connection
one finds, 3 to first order in θ ρσ ,
In this note we consider the non-commutative fields appearing in the action (1) and in the corresponding field equations (9) and (10) as dependent on the commutative ones via Seiberg-Witten map. Hence we expand equations (9) and (10) in terms of the commutative tetrad and spin-connection. This is done to first order in θ µν by inserting the first-order Seiberg-Witten map (15), (16) and (18)-(20). We have done so when the underlying classical geometry is the spherically symmetric solution of the classical Einstein equations in vacuum, i.e. Schwarzschild.
Expansion to first order of the non-commutative Einstein equations
By virtue of the wedge- * product of forms defined in Ref. 
Eq. (22) can be applied repeatedly to the θ-expansion of Eqs. (9) and (10). For this purpose we need from Eq. (22) the identities
Moreover, from the work in Ref. 2 we know that in non-commutative field theory charge-conjugation conditions imply that
and hence all non-commutative fields that are not present in the commutative case are at least proportional to θ (and hence vanish in the commutative limit),
By virtue of (23), (24) and (26), Eq. (9) reduces to
where R (n)ab denotes the n-th order part of the curvature 2-form in powers of θ ρσ , while Eq. (10) becomes
having defined
We note that, in Eq. (27), since V d is the classical tetrad, the term
vanishes for any solution of the vacuum Einstein equations.
Non-commutative Einstein equations under the first-order Seiberg-Witten map
Now we consider the coordinates x 1 = t, x 2 = r, x 3 = ϑ, x 4 = ϕ and the tetrad V a = V a µ dx µ given by
This tetrad with the associated spin-connection (see formula (34) below) describe a Schwarzschild geometry solution of the classical Einstein equations in first-order formalism. For this tetrad we have R
(1)ab µν = 0, so that Eq. (27) becomes an identity. In order to try to solve the first-order non-commutative equations (28) we consider for the first-order expression of the non-commutative tetrad the expression given by Eq. (16), which is the first-order Seiberg-Witten map for the tetrad. This ansatz is supported by the following argument:
To first order in θ the non-commutative Einstein action (1) is the same as the commutative one if the non-comutative fields are re-expressed in terms of the commutative ones by using the Seiberg-Witten map (indeed the non-commutative fields satisfy the charge conjugation conditions of Ref.
2). Therefore it is expected that the non-commutative Einstein equations are automatically satisfied if the noncommutative fields are expressed via Seiberg-Witten map in terms of the commutative ones.
We then substitute Eq. (16) into Eq. (28), we relabel the indices summed over, and assuming (for ease of calculations) that only the non-commutativity component θ 23 (that we rename θ) is non-vanishing, i.e.
we re-express Eq. (28) in the form (with our notation dx
Since K 1123 and K 4234 are non-vanishing, the field configurations given in Eq. (16) In conclusion, the performed calculation shows that there is a mismatch between: (I) using the Seiberg-Witten map in the non-commutative action (1) in order to express all non-commutative fields in terms of the commutative tetrad and spinconnection, and then solving the action (that in general will be a higher derivative action) by varying with respect to only the classical fields. (II) obtaining the non-commutative field equations by varying the action (1) with respect to all non-commutative fields, and then trying to solve these equations by expressing the non-commutative fields in terms of the commutative ones via Seiberg-Witten map.
This mismatch can be due to the fact that in case (II), in order to obtain the equations of motion we have to vary also with respect to the extra fields V , ω andω. Exactly these corresponding extra equations of motion are not satisfied by considering the field configurations V , ω andω obtained by the Seiberg-Witten map with V a and ω ab the classical black hole tetrad and spin-connection.
We also notice that we have chosen the non-commutativity directions ∂ ∂r and
∂ ∂ϑ not to be Killing vector fields for our classical black hole solution. This was done on purpose because, similarly to Refs. [5, 6, 7] , it is possible to show that, when non-commutativity is (in part) obtained by using Killing vector fields of a given classical solution to Einstein equations, then this classical solution is also a solution of the non-commutative field equations, where all the extra non-commutative fields are taken to vanish.
